ORTHOGONAL BASES OF SYMMETRIZED TENSOR SPACES

RanpALL R. HOLMES

ABSTRACT. It is shown that a symmetrized tensor space does not have an orthogonal basis consisting
of standard symmetrized tensors if the associated permutation group is 2-transitive. In particular, no
such basis exists if the group is the symmetric group or the alternating group as conjectured by T.-Y.
Tam and the author.

Let V' be a finite-dimensional complex inner product space and assume m := dimV > 2 (to
avoid trivialities). Let G be a subgroup of the symmetric group S,,. The n-fold tensor product
VP =V®---@V is aleft CG-module with action given by 0(v1 ®- - ®@vp) = Vo-1(1) @ - QUs—1(y)
(v €V,0o€@G).

Fix an orthonormal basis {e1,...,e,}of V. Let I' = {y € Z" |1 < 7; < m} and let Irr(G) denote
the set of irreducible characters of G. Given y € I' and x € Irr(G), set eX = sX(e,, ®---®e,, ) € V",

where sX = % > vcc X(0)o € CG. The vectors eX are called standard symmetrized tensors. The
inner product on V induces an inner product on V". If W < V™ has a basis consisting of mutually
orthogonal standard symmetrized tensors, we will say that W has an o-basts.

It follows easily from the standard results quoted below that if G is abelian, then V™ has an
o-basis. In [2], it was shown that if G is the dihedral group D,, < S,,, then V™ has an o-basis if and
only if n is a power of 2. In that paper, it was also shown that if G = S or A4 (alternating group),
then V" does not have an o-basis, and it was conjectured that in general this is the case whenever
G =5, or A, with n > 4. Here, we prove this conjecture by establishing the more general result
that if G is 2-transitive and n > 3, then V™ does not have an o-basis.

We recall a few standard results. Choose a set A of representatives of the orbits of I' under the
right action of G given by v7 = (vr(1),- -+, Vr(n)) (¥ €L, 7 € G). Then V" = P V.X (orthogonal
direct sum), where VX := (eX_ |7 € ) and the sum is over all x € Irr(G), v € A.

Given vy € T, set G := {0 € G|vyo =~} < G. We have

@) = X7 T ot =38 ¥ xlowr ),

’G‘ 0€G 7 oeqG,

the first equality from [1, p. 339] and the second from the observations that 7G.,7~! = G, and
x(om ) = x(ror pr ™).

For any H < G, let (+,-)g denote the usual inner product on the space of complex-valued class
functions on H. By [1, p. 339], dim V.X = x(1)(x, 1), -

Set I,, = {1,...,n}. Recall that G is 2-transitive if, with respect to the componentwise action,
it is transitive on the set of pairs (i, ), with 4, j € I,,, i # j. Note that if G is 2-transitive, then for
any i € I, the subgroup {o € G| (i) =i} of G is transitive on the set I,,\{7}.
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Theorem. Assume n > 3. If G is 2-transitive, then V" does not have an o-basis.

Proof. By the remarks above, it is enough to show that VX does not have an o-basis for some
x € Irr(G), v € T.

Let H = {0 € G|o(n) = n} < G and denote by 9 the induced character (15)%, so that
Y(o) ={ilo(i) =1i}| for 0 € G (see [4, p. 68]).

Let p € G — H and for i € I, set R; = {0 € H|op(i) = i}. Clearly, R, = 0 if i € {n,p~!(n)}.
Assume i ¢ {n,p~'(n)}. Since H acts transitively on I,,_i, there exists some 7 € R;. Then
R; = H;7, where H; := {0 € H|o(i) = i}. Now [H : H;| equals the number of elements in the
orbit of ¢ under the action of H, so [H : H;] = n — 1. Therefore, |R;| = |H;7| = |H;| = |H|/[H :
H;] =|H|/(n —1). We obtain the formula

> @D(UP)ZEH Ri|= ) IRz‘\Zn:2|H\-
n—1
i=1

ocH iZ#n,p=1(n)

Since (¥,1)¢ = (1,1)y = 1 by Frobenius reciprocity, 1 is a constituent of 1, whence y : =1 — 1
is a character of G. Moreover, the 2-transitivity of G implies that (¢,¢)c = 2 (see [4, p. 68]).
Hence, (x, x)¢ = 1, so that x is irreducible.

Let v = (1,...,1,2) € I" and note that G, = H. Let 1 and 7 be representatives of distinct right
cosets of H in G. Then p := ur~! € G — H, so the discussion above shows that

@es) =250 Y xowr ) = X 221 - ] <o

) =g 2 ~ a1

It follows that distinct standard symmetrized tensors in VX are not orthogonal.
On the other hand,

dim V¥ = x(1) (¢, V= (n = D[, )z — 1],

and since (¢, 1)y = (¥,%)c = 2 by Frobenius reciprocity, dim V.X =n —1 > 1.
Therefore, V.X does not have an o-basis. This completes the proof. [

Corollary. IfG=S,, (n>3) or G=A,, (n>4), then V" does not have an o-basis.

Proof. Clearly each S, is 2-transitive, and it is an easy exercise to show that A, is 2-transitive if
n>4. 0O

2-transitive groups have been studied extensively (see [3, Chapter XII], for example).

REFERENCES

1. R. Freese, Inequalities for generalized matriz functions based on arbitrary characters, Linear Algebra Appl. 7
(1973), 337-345.
2. R. R. Holmes and T.-Y. Tam, Symmetry classes of tensors associated with certain groups, Linear and Multilinear
Algebra 32 (1992), 21-31.
. B. Huppert and N. Blackburn, Finite Groups I1I, Springer-Verlag, Berlin, 1982.
. I. M. Isaacs, Character Theory of Finite Groups, Academic Press, New York, 1976.

= W

Department of Mathematics, Auburn University, AL 36849-5310



